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ABSTRACT:
We implement a new module in the AIDApy suite, called wave_identification. Two techniques aimed
at the identification of waves in multi-spacecraft measurements are presented. In the case of two
spacecraft, the phase-differencing technique allows finding the projection of the wavevector on the
spacecraft separation. For four spacecraft, we implemented the k-filtering technique (Pincon &
Lefeuvre 1991), a refined method that provides the energy of a field as a function of wavevectors (in
3D) and frequency. In this new module, we also implement two solvers, both fluid and kinetic, to
identify dispersion relations and restrict the range of the plasma parameters.
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1 Executive summary
We present a module, wave_identification, for the identification of waves in space plasmas. We
first implement two methods to identify wavevectors from streams of data in multi-spacecraft
missions. Then, we implement two solvers to retrieve the dispersion relation for the
identified from the previous techniques.
We show a schematic representation of this new module in AIDApy in Figure 1.

,

Figure 1: Workflow scheme of D4.4.

2 Introduction

The study of waves and instabilities in interplanetary space is a subject of extensive
investigation, due to its link to pivotal, poorly understood problems, such as the energy
dissipation at small scales in collisionless plasmas [e.g., 1].
Due to the increasing number of multi-spacecraft missions, such as CLUSTER or MMS,
probing the interplanetary medium with an unprecedented level of detail, significant progress
has been achieved on the identification of waves [e.g., 2-4]. Such multiple-satellite missions
are indeed particularly suitable for the identification of waves, routinely observed in space
plasmas. In this context, there is a need to quantify the wave power as a function of both
frequency ω and wavevector 𝑘, in order to quantify the role of wavelike modulations in the
dynamics of astrophysical plasmas. However, the key complication arising when investigating
the
properties is to distinguish between spatial and temporal variations.
In both the techniques presented here, used to estimate
and , the underlying assumption
consists in considering a field in the plasma rest frame as a superposition of plane waves.
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In the next two sections, we describe the two methods for wave identification techniques,
namely phase differencing and k-filtering, both relying on multi-spacecraft data. For each
frequency in the spectral domain, the techniques allow to retrieve wavevectors that are
potentially linked to dispersion relation. It is then possible to check the dispersion relations
derived from the couples of values
discussed in Section 4.

with the solvers implemented in this deliverable, as

2.1 Task 1: The phase differencing technique

Phase differencing refers to a technique used to determine the
relation [5, 6] and can
be applied to measurements of missions operating with two or more spacecraft. The main
building block of phase differencing is to study the difference in phase of the same signal
recorded at two different locations, i.e., two different spacecraft positions.
One of the key requirements consists of having a smaller inter-spacecraft distance compared
to the wavevector, as discussed hereafter. Assuming that the field measured by the spacecraft
can be expressed as a superposition of plane-waves, we can decompose the signal in the
frequency domain:

where the subscript
indicates that the fields are measured at the location
,
is the
wavevector, and
the phase measured at the
location, by the -th spacecraft. If a wave
(with defined
and ) is traveling in the medium, it will be recorded by the two spacecraft,
with a “lag” in the measurements due to the spacecraft separation. In other words, the
information about the traveling wave will be contained in the phase difference,
between the measurements in the two satellites, and . The phase difference between the
signal received from two spacecraft at distance 𝑅 can therefore be expressed as follows:

where
refers to the angle between the wavevector and the distance between the two
spacecraft. For two satellites, we can only obtain information on the projection of the
wavevector on the spacecraft separation. In Eq 2, the term
represents the ambiguity in the
determination of the phase.
We first test the phase differencing method on synthetic datasets. Two virtual spacecraft have
been positioned for the first testing ground, and the signal consists of a superposition of two
plane waves with wavevectors along the spacecraft separation. The parameters for the
synthetic dataset are summarised in Table 1. A random component has been added to the
synthetic datasets, in order to mimic the inherent noise in “real” instruments. In our
experiments, we ensured that the signal-to-noise ratio remained very low (i.e., smaller than
).
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Wave 1

8

0

0

5

Wave 2

16

0

0

5

Table 1: Synthetic wave parameters for the two spacecraft mock-observations.
Figure 2 shows the results of this experiment using the phase differencing technique on twin
spacecraft mock observations. In the left panel, are displayed the measured synthetic time
series for the two spacecraft (note the “lag” between the signals). In the power spectral density
(
), the two measured time-series exhibit a similar behaviour, with two distinct peaks at
and
, respectively (Figure 2, middle panel), corresponding to the initial two
frequencies injected (see Table 1). The random noise component is evident in the fluctuations
at very low PSD.

Figure 2: Mock-observation for a twin spacecraft mission, using synthetic datasets. Left: portion of time
series measured by the two spacecraft (blue and orange lines). Middle: power spectra for both
spacecraft. Right:
plot obtained using the phase differencing method..

Finally, the right panel of Figure 2 shows the result of the phase differencing technique. Two
waves are found with
and
and the corresponding
. With this result at hand,
the following step consists in analyzing data from couples of spacecraft, such as in CLUSTER
or MMS.

2.2 Task 2: The k-filtering technique

As discussed before, the phase differencing technique has the advantage of being a
straightforward approach for multi-spacecraft measurements, but suffers from limitations as
the complexity to determine wave polarisation, given that only one wavevector
can be
determined for each frequency .
In the early 90s’, a more sophisticated method for wave identification, namely the k-filtering
technique, was introduced by Pincon and Lefeuvre [7], generalizing an approach used for
6

seismological data. The peculiarity of k-filtering is the ability to reveal the presence of different
modes at the same frequency through the estimation of the energy density for each
,
rather than a single number estimate in the case for the phase differencing technique.
In the following, the key building blocks of the k-filtering techniques are reviewed, closely
following the derivation from Tjulin et al. 2005 [8]. The underlying assumption, as previously
stated, considers the field, observed at several points in space, as the superposition of plane
waves. Consider
the measured time-series of a vector field (e.g., magnetic field
measurements). The time series consists of
quantities (field components), measured at
position . The plane-wave-superposition assumption corresponds to the following:

where the bold symbols identify vectors. The spectral wave field energy matrix is defined as
,
where refers to the adjoint operation, and the brackets refer to the averaging procedure. The
k-filtering technique estimates the trace of the spectral wave field energy matrix, hereby
. Assuming different spacecraft in different positions ,
, the frequency dependence of the time-series is found using the Fourier transform on each
time-series:

.
At this point, as for phase differencing, the spatial correlation matrix is determined for each
frequency, in order to compute the difference in phase between the measured signals. The
matrix
can be expressed as follows:
,
where the tilde symbol has been dropped to make the notation lighter. It is important to note
that, to remove spurious effects, the spatial correlation matrix
is obtained through a large
time-averaging operation, that ensures that the signal remains stationary during the
computation. We define the following matrix containing the spacecraft positions:
,
where
is the
identity matrix, and
the number of components of the wave field
measured by the spacecraft. Note that
and
can be built from the observational datasets.
It has been shown (e.g., in [7, 9]) that
and
are related to the wave energy density,
through the following relation:
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.
The above equation represents the central building block of the k-filtering technique. This
estimation can retrieve
different wave modes (see, e.g.,[8]). It is important to note that
the relative positions of the
spacecraft pose limits to the aliasing effects of the waves
revealed through the k-filtering technique. In particular, given the separation vector between the
spacecraft and ,
, it is readily seen that two different wave modes cannot be
distinguished if they satisfy each one of the following
conditions:
,
where
refers to the difference between the wavevectors of the two wave modes, and is
an integer. It may be noted that
is defined over a 4-dimensional space that entails a large
computational cost. The latter point justifies the lack of open-source codes of k-filtering
technique.

Figure 3: Top: Mock observation of the
component for a synthetic magnetic field, measured by four
virtual spacecraft. Bottom left: Three-dimensional rendering of the virtual spacecraft positions. Bottom
middle: Zoom of the observed signal over one time window. Bottom right: Averaged power spectral
density for the four satellites.

Given the level of complexity involved with the k-filtering technique, there is a need to test its
application on synthetic datasets (resembling our first experiments using the phase differencing
technique, in Section 2.1). To this extent, an entire toolbox to generate synthetic datasets has
been created and made available to the AIDApy users. Technical details of the toolbox are
described in depth in Section 5. In the current test, we consider a signal, with a single
frequency, and three modes (kx, ky, kz)= (1,0.5,0), (2,2,0) and (0.25, 2.3, 0).
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Figure 3 shows an example of magnetic field observations from the synthetic datasets, in
which a superposition of three waves with the same frequency
and different wavevectors
has been used.
To apply k-filtering to the synthetic dataset, the newly implemented routine in the
wave_identification module is used as follows:
k_filtering(filein, r1, r2, r3, r4, npoints, nt, dt, Nk1, Nk2, Nk3,
if0, ifN)
The parameters are explained in Table 1. In particular, the user has to specify: the name of the
input file (filein), the position of spacecraft r1, r2, r3, and r4, the number of points in the
time-series (npoints), the length of the averaging window nt, the time-step dt, the number of
modes in each direction (Nk1, Nk2, Nk3), and the range in frequency to explore to compute
the energy, namely between frequency if0 and ifN.
The top panel of the Figure 3 shows the measured signal as a function of time for the
component, in four different spacecraft (colors). The virtual spacecraft have been positioned in
a tetrahedral shape, to mimic the configuration of multi-spacecraft missions such as CLUSTER
(see the bottom left panel of Figure 3). As previously stated, the operation of averaging the
correlation matrix
is crucial to remove spurious effects. To alleviate such limitation, an
averaging window (Hann window) is applied and the k-filtering analysis is performed on
subsets of the entire time signal. A zoom of the signal is shown in the bottom-mid panel of
Figure 3, for the four virtual spacecraft. In the bottom-right panel of Figure 3, the Power
Spectral Density (PSD) for the signal-averaged, using a 1024-points wide Hann window and
averaged also across the spacecraft, is shown.

Figure 4: Slices of

for the

,

and

planes (left to right, respectively).

As anticipated, only one frequency
is revealed by the Fourier transform and the k-filtering
technique is able to identify the 3 wavevectors in the signal, as shown in Figure 4 representing
2D slices of the power
. In particular, in the
plane (i.e., the plane corresponding
to
), three distinct peaks can be identified in , referring to the
initial three modes injected with the same
(cf. Figure 4, left panel). The Figure 4 (right panel)
also displays an interesting feature that corresponds to “periodicity” of the mode at hi- , due
to aliasing in the signal, which is an inherent feature of k-filtering. This can be controlled by
9

varying the

numbers.

Figure 5: Power Spectral Density (left), modal spectrum (middle) obtained with k-filtering and scatter plot
of
for each , with the injected dispersion relation superimposed (right).

The k-filtering technique is further used on a different synthetic dataset: Five different waves
obeying a dispersion relation
, where is a constant.
Results are shown in Figure 5, where the representation of the PSD reveals the initial five
different wave modes. The modal spectrum (i.e.,
), shown in the middle panel, displays
peaks corresponding to the different wave modes that are distributed along different ’s for
fixed , which is a known effect of the added noise and the spectrum isotropization.

3 Wave analyses on multi-spacecraft datasets
In the following, we present applicative examples on the use of the presented wave
identification tools on real spacecraft datasets. As a test case, a data stream from the
CLUSTER mission is used.
The ESA-CLUSTER mission exploited a constellation of four-spacecraft to observe properties
of the Earth’s magnetosphere. The mission played an important role in the collection of large
datasets of multi-spacecraft observations of the interplanetary medium.

3.1 Cluster data
Figure 6 shows an overview of the CLUSTER data stream selected for this study and was
previously used for the k-filtering identification technique in the seminal paper Sahraoui et al
[2], where the authors addressed turbulence properties at sub-proton scales in the solar wind.
Three-dimensional, anisotropic k spectra obtained with the k-filtering technique have been
used to investigate the role of oblique kinetic Alfven waves in the turbulent cascade. The
bottom panel of Figure 6 shows a zoom-in of one of the magnetic field components for the four
CLUSTER spacecraft, to highlight the idea of multi-satellite measurement discussed above. For
reference, the power spectral density of the magnetic field for this interval is also reported
(bottom-right panel, Figure 6), revealing the double scaling
that is substantially
observed and studied in the solar wind (e.g., see [3] and references therein).
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Figure 6: Top: CLUSTER data stream for one hour, acquired starting at 06:00 of 10 January 2004. The
three magnetic field components in GSE coordinates are shown for the C1 spacecraft. Bottom left: Zoom
on the first 1024 points of the stream. The third component of the magnetic field is shown for the four
spacecraft C1-C4. Bottom right: Magnetic field PSD obtained using a 1024 points averaging window and
averaging over the spacecraft (blue line). For reference, the
and
scalings are shown.

We apply the k-filtering technique to the Cluster data stream, addressing the four-dimensional
wave energy density. The main results of this analysis are shown in Figure 7, where the modal
spectrum, i.e., the
colormap (with
), reveals a dispersion relation in
the form of the oblique ridge up to frequencies of 15 Hz. The dispersion relation emergence is
strengthened in the right-hand side plot in Figure 7, where the scatter plot of
for each
reveals the presence of the dispersion relation (as shown in Figure 5).
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Figure 7: Left: Modal spectrum
for each .

obtained using the k-filtering technique. Right: scatter plot of

4 Linear dispersion relations

Once a wave vector is identified in the data, the following step consists in computing the
dispersion relation to identify the waves present in the plasma. To perform this task, we
implemented two solvers, a fluid and a kinetic solver.
The fluid solver determines the values of
for a range of , by solving the Cardano
formula for a quadrinomial equation:
,
where

,
,
,
.
In the expressions of the coefficients above,
and
refer to the electron and proton
masses respectively,
is the wavevector in units of ion skin depths,
, with
the
ion plasma frequency and
the speed of light.
refers to the wavevector in units of the
electron skin depth,
.
is the angle between the wave propagation direction and
the magnetic field, and
is the plasma beta. The input parameters for solver are
, , the
mass ratio,
, and the range of trial values of .
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Results of the application of the fluid solver are shown in Figure 8 for different sets of
,
plasma beta and mass ratio. The black, red and blue curves correspond to fast, slow and
Alfvén waves, respectively.

Figure 8: Dispersion relation
between and the magnetic field;

from the fluid solver for different input parameters. θ is the angle
is the plasma beta.

4.1 An open source electrostatic Vlasov solver

The objective of the Vlasov solver module is to find an optimal solution for the dispersion
relation in an electrostatic plasma, with a bi-Maxwellian VDF. The Maxwellian distribution,
described by density
, mean velocity
and temperature , is distorted by a “bump” with
mean velocity , density
and temperature , as well as an ancillary bump generated with
mean velocity
to respect the electrostatic condition. The solver can solve for
, i.e.,
the wave-particle interaction that leads to Landau damping [10]. For each input , the solver
calculates the two roots in the complex plane, locating the absolute minimum in the dispersion
relation described in [10] and is expressed as follows:
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where the summation is computed on the particle species, , and
refers to the total VDF.
According to [10], the integration has to be performed in complex space, following the Landau
contour to take into account the poles in the denominator, i.e.,
.
The routine requires as input parameters: temperatures and densities of the bulk VDF and the
bumps,
and
, as well as the mass ratio of the species considered. Results of the
application of the Vlasov solver are plotted in Figure 9, with the parameters used for calculating
the dispersion relation as title in each panel. The blue curve corresponds to
for Langmuir
waves (LAN), while the red curve refers to Electron Acoustic waves (EAW).

Figure 9: Dispersion relation for 20 values of in the case of a Maxwellian VDF (right), and a Maxwellian
plus two bumps (left). The blue curve is the Langmuir waves solution, while the red curve shows
for
electron acoustic waves.

5 Building synthetic datasets

To perform tests on the newly-added functionalities of AIDApy, we implemented in the
wave_identification module two functions to create synthetic datasets corresponding to the
case of 2 or 4 spacecraft.
In the case of simulated datasets from 2 spacecraft, the input parameters are: the two 3D
vectors containing the positions of the satellites, the length of the time series to build, the
timestep and the number of waves in the signal. The function inserts a wave every
,
with
. The output is stored in a text file.
Similarly, for the case of simulated datasets from 4 spacecraft, the input parameters are: the
four 3D vectors containing the spacecraft positions, length and timestep for building the time
series, and an additional parameter for the type of signal. For the latter parameter, the available
options are: a synthetic signal with 3 waves at a specific frequency,
, or a
dispersion relation of the kind
. The specific parameters are listed in Table 1.
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6 Conclusions
We implemented a new module to advance the capabilities of the AIDApy for analyzing
multi-spacecraft data and wave identification. The list of functions implemented in the
wave_identification module is listed in Table 1.
Two methods are added. The first one, “phase differencing”, relies on two-spacecraft
measurements to find wavevectors along with the spacecraft separation. The second one,
“k-filtering”, exploits four spacecraft to find the three components in space of the wavevector.
To test our newly implemented techniques, we built sets of synthetic data. Finally, we
successfully applied the k-filtering to space data, by using a dataset with plasma waves.
Further application of our wave identification module will be carried out on various kinds of
plasma simulations, in collaboration with WP5.
In order to identify dispersion relations in the data, we implemented a fluid and a kinetic solver.
The fluid solver solves a quadrinomial equation and finds three roots corresponding to the fast
magnetosonic, the slow magnetosonic and the Alfvèn waves, whereas the kinetic solver solves
the electrostatic system with a Maxwellian distribution and a “bump” at velocity (in addition
to an ancillary bump at
to maintain the electrostatic condition). Two solutions are found in
the complex plane, corresponding to electron acoustic (EAW) and Langmuir (LAN) waves.

Table 1: List of routines implemented for wave analyses and Vlasov solver toolbox.
ROUTINE

INPUTS

OUTPUTS

NOTES

create_synthetic_datas
et_2SC

Name of the output file,
length of the time-series,
time-step, position of
spacecraft (1 and 2), input
number of waves to
construct the signal.

The output is saved as
text in the file chosen in
the function call.

The columns of the output file are:
field_1x, field_1y, field_1z,
field_2x, field_2y, field_2z.

Name of the output file,
length of the time-series,
time-step, length of the
averaging window, position
of spacecraft (1, 2, 3 and 4),
type of signal to build
(ICtype).

The output is saved as
text in the file chosen in
the function call.

create_synthetic_datas
et_4SC

The spacecraft positions r1 and
r2 must be provided as numpy
arrays of dimension 3.
The columns of the output file are:
field_1x, field_1y, field_1z, …,
field_4x, field_4y, field_4z.
The spacecraft positions r1, r2,
r3 and r4 must be provided as
numpy arrays of dimension 3.
ICtype can be 1 or 2.
If ICtype=1 the function builds
a signal with 3 waves at frequency

and for the 3 waves
,
,
.
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If ICtype=2 the function builds a
signal satisfying the dispersion
relation
where

,
,
,

for the 5 waves.
phase_differencing

Name of the input file,
position of spacecraft 1 and
2, length of the time-series,
length of the averaging
window, time-step, range in
frequency to explore to find
, plot (default=False).

Provides output during
execution. Full output in
PD_log.txt.

The spacecraft positions r1 and
r2 must be provided as numpy
arrays of dimension 3.

If plot==True, outputs
a 2x3 plot showing
,
,
for window-averaged
data and non averaged
data.
Provides output during
execution. Full output in
Analysis.dat.

k_filtering

Name of the input file,
position of spacecraft 1, 2,
3,and 4, length of the
time-series, length of the
averaging window, time-step,
Number of to search for in
each direction, range in
frequency to explore to find
.

twofluid_solver

Number of 𝑘 entries, plasma If plot==False returns k is a real array, and zzq is a
beta, mass ratio, kmin, kmax, k and zzq.
complex array.
plot (default = False)
If plot==True returns
is , while
the
plot in log
the growth rate.
scale.

zetafunc

Densities, Temperatures, bulk
velocities of the core and
bump, mass ratio, ion
plasma frequency, length
and size of the velocity
space, vmax, number of 𝑘
entries, ion thermal velocity
(optional), check
(default=1.), crimm
(default=1.), verbose
(default=False).

: arrays
containing the
wavenumbers, real and
imaginary part of the
frequency of the waves.

The spacecraft positions r1, r2,
r3 and r4 must be provided as
numpy arrays of dimension 3.

is

If verbose=True prints the initial
parameters and the full output for
each wavenumber .
For each finds
for Langmuir
(LAN) and electron acoustic waves
(EAW).

16

References
[1] Gurnett, D. A., Bhattacharje, A., Introduction to plasma physics, Cambridge University Press (2005).
[2] Sahraoui, F. et al., “Three Dimensional Anisotropic k Spectra of Turbulence at Subproton Scales in the
Solar Wind.” Physical Review Letters, 105, 13 (2010).
[3] Bruno, R. and Carbone, V., “Turbulence in the Solar Wind.” Springer International Publishing, 928
(2016).
[4] Walker, S. et al., “A comparison of wave mode identification technique.” Annales Geophysicae, 22, 8
(2004).
[5] Balikhin, M. A. et al., “Experimental determination of the dispersion of waves observed upstream of a
quasi-perpendicular shock” Geophysical research Letters, V 24, I 7, pp. 787-790 (1997)
[6] Balikhin, M. A. et al., “Identification of low frequency waves in the vicinity of the terrestrial bow shock.”
Planetary and Space Science, V 51, I 11, pp. 693-702 (2003)
[7] Pincon, J. L., Lefeuvre, F., “Local characterization of homogeneous turbulence in a space plasma from
simultaneous measurements of field components at several points in space.” Journal of Geophysical
Research, 96, 1789-1802 (1991)
[8] Tjulin, A. et al., “The k-filtering technique applied to wave electric and magnetic field measurements
from the Cluster satellites” Journal of Geophysical Research: Space Physics, 110, A11 (2005)
[9] Pincon, J. L., Motschmann, U., “Multi-Spacecraft Filtering: General Framework” Im: Analysis for
Multi-Spacecraft Data, ISSI Scientific Reports Series, ESA/ISSI, Vol. 1, ISBN 1608-280X, p.65 (1998)
[10] Landau, L., “On the vibration of the electronic plasma.” J. Phys. USSR 10 (1946), 25. English version:
“Collected Papers of L.D. Landau” Pergamon Press, 445-460 (1965).

17

